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Introduction
Predicting

crystal
structure

rem
ains

a
challenge,

even
for

our
sim

plestm
odels

ofm
atter.

This
w

ork
concerns

a
new

technique,
Lattice-

Sw
itchM

on
te

C
arlo

[1,2],
w

hich
allow

s
different

structures
to be com

pared directly. 

The H
ard Sphere Solid

A
s

the
density

of
a

system
of

hard-spheres
is

increased,
the

system
undergoes

an
entropy-driven

first-order
phase

transition
from

 a fluid to an ordered crystalline phase.

        

high density
low

 density

crystal
fluid

random
 close

packing
(m

etastable)

H
exagonal C

lose-
Packed

Face-
C

entered C
ubic

Is
the

equilibrium
crystal

structure
face-centered

cubic
or

hexagonal
close-packed?

To
find

out,
w

e
m

ust
calculate

the
entropy difference betw

een these tw
o structures.

Ensem
ble Sw

itching
C

alculating
w

hich
structure

has
the

greatestentropy
via

a
M

onte
C

arlo
sim

ulation
is

analogous
to

using
a

random
w

alker
to

determ
ine w

hich of tw
o room

s is the larger.

A
norm

alM
onte

C
arlo

sim
ulation

w
illget

stuck
in

one
room

,and
so can tell you nothing about the relative sizes of the room

s.  
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Ensem

ble Sw
itching

A
n

ensem
ble

sw
itch

w
ould

allow
the

w
alker

to
sw

itch
(�teleport’)

back
and

forth
betw

een
the

Room
1

and
Room

2
ensem

bles,via
a

�gatew
ay’

in
each

room
.

The
larger

room
is

then
sim

ply
the

room
 that the w

alker spends the m
ost tim

e in.

A
lattice-sw

itch
is

an
ensem

ble
sw

itch
w

hich
allow

s
a

M
onte

C
arlo

sim
ulation

to
visit

the
ensem

bles
associated

w
ith

tw
o

different
crystalline

structures.
The

structure
w

ith
the

greatest
entropy

is
the

one
the

sim
ulation

spends
the

m
ost

tim
e

in
(the

m
ost probable phase).

Lattice-
Sw

itch M
onte C

arlo
W

e
need

to
design

a
m

echanism
by

w
hich

a
M

onte
C

arlo
sim

ulation m
ay sw

itch betw
een the fcc and hcp ensem

bles.

W
e

firstre-express
the

position
ofeach

sphere
in

term
s

of
a

lattice-site
vector,

and
a

displacem
ent

from
 that site:

r ˛
i

=
R ˛

i +
u ˛

i

W
e

can
now

define
the

lattice-sw
itch

as
a

M
onte

C
arlo

m
ove

w
here

w
e

attem
pt

to
sw

ap
one

set
of

lattice
site

vectors
(

)
for

another,
w

hile
keeping

the
displacem

ents
from

those
sites

(
)

fixed.
There

are
a

large
num

ber
of

possible
lattice-site

m
appings.

The
m

apping
illustrated

below
,

translating
pairs

of
planes together, w

as chosen due to it’s sim
plicity and efficiency.
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The
lattice-sw

itch
m

ove
is

usually
rejected

(as
it

w
ould

cause
spheres

to
overlap).

To
overcom

e
this

problem
,

w
e

first
characterize

the
route

betw
een

the
phases

via
an

order
param

eter M   :=
 ���

§¤'  
-

 ���
§¤'

M
  

the �cost’ of 
sw

itching to hcp
the �cost’ of 

sw
itching to fcc

The
�cost’ofthe

sw
itch

can
be

m
easured

in
term

s
ofthe

num
ber

ofoverlaps
that

itw
ould

create.
Thus,w

hile
the

sim
ulation

is
in

fcc,
M

is
positive,and

w
hile

in
hcp

itis
negative.

The
sw

itch
can

only be perform
ed w

hen M    =  0 (i.e. in the gatew
ay states).

< 0
M

> 0
M

fcc

hcp

Lattice-
sw

itch

gatew
ay states

= 0
M

The
sim

ulation
is

then
biassed

so
that

the
entire

range
of

M
is

visited.
W

e
m

easure
the

biassed
probability

distribution
of

M
,

and
rem

ove
the

bias
to

recover
the

true
P(M

).
The

phase
w

ith
the

greatestentropy
w

illhave
the

largest
ofthe

tw
o

peaks
in

the
P(M

)
distribution,

and
the

entropy
difference

can
be

calculated
from

 the ratio of the w
eights of the tw

o peaks.

H
ard-

Sphere Results
The

first
graph

show
s

the
m

easured
P(M

)
for

a
system

of
1728

hard
spheres

(at
77.78%

of
the

m
axim

um
close-packed

density).
The fcc peak is clearly larger, and so fcc has the greater entropy.
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M
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 H
use (1999)
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This w
ork

[Nk]S    - Sfcc hcp

C
om

bining
our

results
[2]w

ith
those

of
others

[3,4],w
e

find
that

the
entropy

difference
favours

fcc
for

all
densities

up
to

close-
packing (w

here S
fcc  - S

hcp  = 125(3)×10
-5 N

k
B ).

Sim
ulations

have
also

been
perform

ed
in

the
constant-pressure

ensem
ble,and

have
show

n
thatthe

G
ibbs

free-energy
difference

betw
een

the
structures

is
num

erically
equal

to
the

entropy
difference to w

ithin the (high) accuracy of our results.

V
arious

differentlattice-site
m

appings
have

been
investigated,as

w
ell

as
the

nature
of

the
gatew

ay
states.

This
has

lead
to

a
clearer

picture
of

how
the

algorithm
w

orks,
and

how
to

get
the

best perform
ance from

 it.

The Lennard-
Jones Solid

The
position

of
the

flu
id-

fccm
elting

line
has

been
calculated

[5],
and

by
evaluating

ground-state
energies

one
can

determ
ine

w
hich

is
the

preferred
structure

along
the

T
=

0°K
isotherm

.
H

ow
ever,

the
behaviour

betw
een

these tw
o extrem

es is still unclear.

hcp

fccfluid

?

tem
perature

density

The
lattice-sw

itch
technique

has
been

extended
to

soft
potentials,

and
sim

ulation
w

ork
has

begun,
w

ith
the

aim
of

identifying the position of the fcc-
hcp coexistence curve.  

Itshould
be

possible
to

com
pare

these
results

w
ith

experim
ental

findings
for

rare
gas

solids,
and

so
clarify

the
crossover

from
classical to quantum

-m
echanical behaviour.
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